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Basic
Principles

CHAPTER

Ordinary and partial differential equations describe the way certain
quantities vary with time, such as the current in an electrical circuit,
the oscillations of a vibrating membrane, or the flow of heat through
an insulated conductor. These equations are generally coupled with
initial conditions that describe the state of the system at time ¢t = 0.

A very powerful technique for solving these problems is that of
the Laplace transform, which literally transforms the original differ-
ential equation into an elementary algebraic expression. This latter
can then simply be transformed once again, into the solution of the
original problem. This technique is known as the “Laplace transform
method.” It will be treated extensively in Chapter 2. In the present
chapter we lay down the foundations of the theory and the basic
properties of the Laplace transform.

1.1 The Laplace Transform

Suppose that f is a real- or complex-valued function of the (time)
variable t > 0 and s is a real or complex parameter. We define the

1



2 1. Basic Principles

Laplace transform of f as
F(s) = L(f(1) = /0 e f(t)at

T
. stp
= Tlirglo A e S f()dt (1.1)
whenever the limit exists (as a finite number). When it does, the
integral (1.1) is said to converge. If the limit does not exist, the integral
is said to diverge and there is no Laplace transform defined for f. The
notation L£(f) will also be used to denote the Laplace transform of
f, and the integral is the ordinary Riemann (improper) integral (see
Appendix).

The parameter s belongs to some domain on the real line or in
the complex plane. We will choose s appropriately so as to ensure
the convergence of the Laplace integral (1.1). In a mathematical and
technical sense, the domain of s is quite important. However, in a
practical sense, when differential equations are solved, the domain
of s is routinely ignored. When s is complex, we will always use the
notation s = x + iy.

The symbol L is the Laplace transformation, which acts on
functions f = f(t) and generates a new function, F(s) = L(f(1)).

Example 1.1. Iff(t) =1 fort = 0, then

o0
/ e 1 dt
0

L(f (D)

efst T
= lim )
T—00 —s |y
e 5t 1
= lim + *) (1.2)
T—00 —8 s
1
s

provided of course that s > 0 (if s is real). Thus we have

L(1) = é (s > 0). (1.3)
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If s < 0, then the integral would diverge and there would be no re-
sulting Laplace transform. If we had taken s to be a complex variable,
the same calculation, with Re(s) > 0, would have given £(1) = 1/s.

In fact, let us just verify that in the above calculation the integral
can be treated in the same way even if s is a complex variable. We
require the well-known Euler formula (see Chapter 3)

€? = cosf +isinb, 6 real, (1.4)
and the fact that |¢??| = 1. The claim is that (ignoring the minus sign
as well as the limits of integration to simplify the calculation)

. 65!
fe“ dt = —, (1.5)
s

for s = x + iy any complex number 7 0. To see this observe that

/est At :/e(x+:y)/dt

:/e’“ cosytdt+i/e’“sinytdt

by Euler’s formula. Performing a double integration by parts on both
these integrals gives
eXf
/ eStdt = m [(x cosyt +ysinyt) +i(xsinyt —y cosyt)]A
Now the right-hand side of (1.5) can be expressed as
est e+t

s X+ 1y

e (cosyt + isinyt)(x — iy)
X% + y?

et

= m [(x cosyt +ysinyt) +i(xsinyt —y cosyt)],
which equals the left-hand side, and (1.5) follows.

Furthermore, we obtain the result of (1.3) for s complex if we
take Re(s) = x > 0, since then

lim [e7*7| = lim ¢ *F = 0,
—>00 00
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killing off the limit term in (1.3).

Let us use the preceding to calculate L(coswt) and L(sin wt)
(w real).

Example 1.2. We begin with

oo
£(61wl) — / e—slelwtdt
(0]

elio—s)t T

= lim -
T—00 1w — S 0
1
= . ’
s — iw
since lim;_, oo [€°7€¢™%7| = lim; .00 €™ *" = 0, provided x = Re(s) >

0. Similarly, £(e™") = 1/(s + iw). Therefore, using the linearity
property of £, which follows from the fact that integrals are linear
operators (discussed in Section 1.6),

iwt —iwt iwt —lwt
% —-r (%) = L(coswt),

and consequently,

L t ! ! =+ ! 5 1.6
coswt) = — = — 5 .
¢ ) 2\s—iw s+iw 82 + w? (1-6)
Similarly,
1 1 1 w
L(sinwt) = — — = R 0).
(sinwt) = - (s—iw S+iw) e (R >0)
(1.7)

The Laplace transform of functions defined in a piecewise
fashion is readily handled as follows.

Example 1.3. Let (Figure 1.1)

- tro<t=<1
F = 1¢>1.
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£(@)

ol 1 { FIGURE 1.1

From the definition,

L(f(1) :/; e Sf()at

1 T
:f te”S'dt + lim / e S dt
o —oo J,

1 1 1 e—st

+ 7/ e Sdt + lim

o s Jo T—00 —§
1 —¢e3

—-—° (Re(s) > 0).

s2

st T

te

—S

1

Exercises 1.1

1. From the definition of the Laplace transform, compute L£(f(t))

for
@) f(t) =4t b) f(t) = e*
() f(t) = 2cos 3t (d) f(t) =1 —coswt
) f(t) = te* ® f(t) =¢'sint
1t>a - sinwt0<t<g
(g)f@={0f<a ) f() = T _,
w
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. 2t<1
(l)f(f)={

et > 1.

2. Compute the Laplace transform of the function f(t) whose graph
is given in the figures below.

f®) F(t)
1 @ 1 ®)
ol 1 i ol 1 2 t
FIGURE E.1 FIGURE E.2

1.2 Convergence

Although the Laplace operator can be applied to a great many
functions, there are some for which the integral (1.1) does not
converge.

Example 1.4. For the function f(t) = e?,
T T
lim e Ste’dr = lim e’ St = oo
T—>00 0 T—>00 0
for any choice of the variable s, since the integrand grows without
bound as T — oo.

In order to go beyond the superficial aspects of the Laplace trans-
form, we need to distinguish two special modes of convergence of
the Laplace integral.

The integral (1.1) is said to be absolutely convergent if

T

lim le ' f(t)l dt
0

T— 00

exists. If L(f(t)) does converge absolutely, then

7

/;t e Sf () dt

’

< /r le S F(t)ldt — O
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ast — oo, forall v/ > 7. This then implies that £(f(t)) also converges
in the ordinary sense of (1.1).*

There is another form of convergence that is of the utmost im-
portance from a mathematical perspective. The integral (1.1) is said
to converge uniformly for s in some domain 2 in the complex plane if
for any € > 0, there exists some number 7y such that if t > 7, then

/roo e Mf()dt

for all s in . The point here is that ty can be chosen sufficiently
large in order to make the “tail” of the integral arbitrarily small,
independent of s.

< &

Exercises 1.2

1. Suppose that f is a continuous function on [0, c0) and |f ()| =
M < ocofor0 <t < oco.

(a) Show that the Laplace transform F(s) = L(f(t)) con-
verges absolutely (and hence converges) for any s satisfying
Re(s) > 0.

(b) Show that L(f(t)) converges uniformly if Re(s) = xo > 0.
(c) Show that F(s) = L(f(t)) — 0 as Re(s) — oo.

2. Let f(t) = €' on [0, 00).

(a) Show that F(s) = L(e") converges for Re(s) > 1.
(b) Show that £(¢') converges uniformly if Re(s) = xo > 1.

*Convergence of an integral
oo
/ () dt
o0
is equivalent to the Cauchy criterion:

/ @(Hdt — 0 as T—>o00, T >1.

T
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(c) Show that F(s) = L(&') — 0 as Re(s) — oo.

3. Show that the Laplace transform of the function f(t) = 1/¢,t > 0
does not exist for any value of's.

1.3 Continuity Requirements

Since we can compute the Laplace transform for some functions and
not others, such as e(’z), we would like to know that there is a large
class of functions that do have a Laplace tranform. There is such a
class once we make a few restrictions on the functions we wish to
consider.

Definition 1.5. A function f has a jump discontinuity at a point
to if both the limits

lim f(1) =f(tg)  and  lim f() = f(t)

t—tgy ad
exist (as finite numbers) and f(t;) # f(t7). Here, t — t5 and t — t&
mean that t — ¢, from the left and right, respectively (Figure 1.2).

Example 1.6. The function (Figure 1.3)

f ==

;@)

)

Fto)

!  FIGURE 1.2



1.3. Continuity Requirements

f(t) |
[9) 3 t
‘ FIGURE 1.3
f(t)
1
ol t TFIGURE 1.4

has a discontinuity at t = 3, but it is not a jump discontinuity since
neither lim,_,3- f(t) nor lim,_, 3+ f(t) exists.

Example 1.7. The function (Figure 1.4)

6_%t>0
f) =
0 t<O

has a jump discontinuity at t = 0 and is continuous elsewhere.
Example 1.8. The function (Figure 1.5)

0O t<O

f(t):{ :

cos¢ t >0

is discontinuous at t = 0, but lim,_, ¢+ f(t) fails to exist, so f does not
have a jump discontinuity at t = 0.
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F(@®)

-1 FIGURE 1.5

£

FIGURE 1.6

The class of functions for which we consider the Laplace
transform defined will have the following property.

Definition 1.9. A function f is piecewise continuous on the in-
terval [0, 0o) if (i) lim,—.o+ f(¢) = f(0") exists and (ii) f is continuous
on every finite interval (0, b) except possibly at a finite number
of points 71, 72, ..., 7, in (0, b) at which f has a jump discontinuity
(Figure 1.6).

The function in Example 1.6 is not piecewise continuous on
[0, 00). Nor is the function in Example 1.8. However, the function
in Example 1.7 is piecewise continuous on [0, 00).

An important consequence of piecewise continuity is that on
each subinterval the function f is also bounded. That is to say,

If(t)liMu T <t < Ty, i=1,2,...,n—1,

for finite constants M;.
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In order to integrate piecewise continuous functions from O to b,
one simply integrates f over each of the subintervals and takes the
sum of these integrals, that is,

/ fdt = / f(t)dt+/ f@dt+---+ f(t)dt
This can be done since the function f is both continuous and

bounded on each subinterval and thus on each has a well-defined
(Riemann) integral.

Exercises 1.3

Discuss the continuity of each of the following functions and locate
any jump discontinuities.

1. f(t) =

1+t1
2. g(t):tsin? (t #0)
t t<1
3. h(t) = 1
=t > 1
142
sinh ¢ 20
4. i(t) = t 7
1 t=20
. 1 . 1
5. ](t):?anh? (t #0)
1—e*
6. k(t) = t t#0
0 t=0

1 2na <t < (2n+ a
I(t) = a>0n=0,1,2,...

—1 Cn+1a=t< 2n+2a

t
8. m(t) = [ ]+1 fort > 0, a > 0, where [x] = greatest integer < x.
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1.4 Exponential Order

The second consideration of our class of functions possessing a well-
defined Laplace transform has to do with the growth rate of the
functions. In the definition

L) = /0 () dt,

when we takes > 0 (or Re(s) > 0), the integral will converge as long
as f does not grow too rapidly. We have already seen by Example 1.4
that f(t) = ¢ does grow too rapidly for our purposes. A suitable rate
of growth can be made explicit.

Definition 1.10. A function f has exponential order « if there
exist constants M > 0 and « such that for some ¢, > 0,

If(Hl < Me™, t > to.

Clearly the exponential function e* has exponential order o = a,
whereas t" has exponential order « for any « > 0 and any n € N
(Exercises 1.4, Question 2), and bounded functions like sint, cost,
tan—! ¢t have exponential order 0, whereas e~' has order —1. How-
ever, ¢! does not have exponential order. Note that if 8 > «, then
exponential order o implies exponential order B, since e* < e,
t > 0. We customarily state the order as the smallest value of « that
works, and if the value itself is not significant it may be suppressed
altogether.

Exercises 1.4

1. If f and f; are piecewise continuous functions of orders o and
B, respectively, on [0, 00), what can be said about the continuity
and order of the functions

(1) c1fi + cz2fz, c1, ¢z constants,

Gi) f-g?
2. Show that f(¢) = t" has exponential order « for any @ > 0, n € N.
3. Prove that the function g(t) = e’ does not have exponential order.
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1.5 The Class £

We now show that a large class of functions possesses a Laplace
transform.

Theorem 1.11. If f is piecewise continuous on [0, 00) and of exponen-
tial order «, then the Laplace transform L(f) exists for Re(s) > o and
converges absolutely.

Proor. First,
IF(Ol = My e, t > to,

for some real a. Also, f is piecewise continuous on [0, ty] and hence
bounded there (the bound being just the largest bound over all the
subintervals), say

If (O < Mo, 0 <t <ty

Since e* has a positive minimum on [0, y], a constant M can be
chosen sufficiently large so that

If(Hl < Me™, t > 0.

1
M [Ceoorar
0

T

Therefore,

IA

[ rconar
0

M E—(x—a)t
G

M M e~ (xmT
X —o N X — o

0

Letting T — oo and noting that Re(s) = x > « yield

/m e~ F(oldr = —o—. (1.8)
0 X — o

Thus the Laplace integral converges absolutely in this instance (and
hence converges) for Re(s) > a. O
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Example 1.12. Let f(t) = e¢*, a real. This function is continuous
on [0, co) and of exponential order a. Then

o0
L™ = /0 e Stedt

o0
= / e T
o

e—(s—ay |°°

—(s—a)

The same calculation holds for a complex and Re(s) > Re(a).

- ! (Re(s) > a).

o s—a

Example 1.13. Applying integration by parts to the function f(t) =
t (t = 0), which is continuous and of exponential order, gives

o0
/ te Sdt
0]

—st | @ 1 oo
+ = / e Sdt
0 s Jo

—te
! L(1) (provided Re(s) > 0)
s

£

S

1
=
Performing integration by parts twice as above, we find that

o0
/ e~ Stt2dr
0]

-2 (Re(s) > 0).

s3

L(t%)

By induction, one can show that in general,

n!
L) = ) (Re(s) > 0) (1.9)
forn =1, 2, 3, .... Indeed, this formula holds even for n = 0, since
0! = 1, and will be shown to hold even for non-integer values of n

in Section 2.1.
Let us define the class L as the set of those real- or complex-
valued functions defined on the open interval (0, co) for which the
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Laplace transform (defined in terms of the Riemann integral) exists
for some value of s. It is known that whenever F(s) = K(f(t)) exists
for some value sp, then F(s) exists for all s with Re(s) > Re(so), that
is, the Laplace transform exists for all s in some right half-plane (cf.
Doetsch [2], Theorem 3.4). By Theorem 1.11, piecewise continuous
functions on [0, c0) having exponential order belong to L. However,
there certainly are functions in L that do not satisfy one or both of
these conditions.

Example 1.14. Consider
f(t) = 2te” cos(e).

Then f(t) is continuous on [0, c0) but not of exponential order.
However, the Laplace transform of f(t),

L(f(D) = /0'00 e~ 2t e cos(e)dt,

exists, since integration by parts yields
N 2|9 o0 N 2
L(f()) = e sin(e' )‘ + s/ e sin(e") dt
0 0

= —sin(1) + s £(sine")) (Re(s) > 0).

and the latter Laplace transform exists by Theorem 1.11. Thus we

have a continuous function that is not of exponential order yet

nevertheless possesses a Laplace transform. See also Remark 2.8.
Another example is the function

1

) = —. 1.10
f(® NG ( )
We will compute its actual Laplace transform in Section 2.1 in the
context of the gamma function. While (1.10) has exponential order
a =20 (If(t)l <1,t=> 1), it is not piecewise continuous on [0, o0)
since f(t) — oo as t — 07, that is, t = 0 is not a jump discontinuity.

Exercises 1.5

1. Consider the function g(t) = te' sin(e).
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(a) Is g continuous on [0, 00)? Does g have exponential order?
(b) Show that the Laplace transform F(s) exists for Re(s) > 0.
(c) Show that g is the derivative of some function having

exponential order.

. Without actually determining it, show that the following func-
tions possess a Laplace transform.
sint 1 — cost

)

t t

(@)

(©) t?sinht

. Without determining it, show that the function f, whose graph is
given in Figure E.3, possesses a Laplace transform. (See Question
3(a), Exercises 1.7.)

£ ;
4 —_—
| |
3 — |
| | |
2 ‘ l | |
| | | |
| | | |
1 l | | |
I I I I
I I I I
| | | |

O a 2a 3a 4a t

FIGURE E.3

1.6 Basic Properties of the Laplace

Transform

Linearity. One of the most basic and useful properties of the
Laplace operator L is that of linearity, namely, if fi € L for Re(s) > «,
f> € L for Re(s) > B, then fi + f, € L for Re(s) > max{«, 8}, and

L(c1fi + cafz2) = a1 L(fL) + c2L(f2) (1.11)



1.6. Basic Properties of the Laplace Transform 777

for arbitrary constants ¢, cz.
This follows from the fact that integration is a linear process, to
wit,

(o]
/ e (c1fi(t) + c2f2(t)) dt
0 oo oo
=c / e fi()dr + cZ/ e () dt (fi, f» € L).
0 (0]

Example 1.15. The hyperbolic cosine function
e(ut +efwf

2

describes the curve of a hanging cable between two supports. By
linearity

cosh wt =

L(cosh wt) = %[Lﬁ(e"“) + L(e™*)]

1( 1 1 )
= - +
2\s—w S+ w

S

s2 — w2’

Similarly,

L(sinhot) = ——.
S

— w2
Example 1.16. If f(t) = ao + a1t + --- + a,t"™ is a polynomial of
degree n, then

LFD) =D al(t)
k=0

akk!
gk+1
0 S

=
by (1.9) and (1.11).

Infinite Series. For an infinite series, > oo, a,t”, in general it is not
possible to obtain the Laplace transform of the series by taking the
transform term by term.
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Example 1.17.

. 0 —1 nt2n
f(t):e*tZ :Z%, —00 < t < oo.
n!

n=0

Taking the Laplace transform term by term gives

SO oy - 3H L 2y
= n!

] 2n—+1
n—o n! s

1 (—1)*@2n)---(m+2)(n+ 1)
-y _

n=0 SZn
Applying the ratio test,
u 22n+1
lim || = lim 2@n+1) = 0o,
n— 00 Un n— 00 |3|2

and so the series diverges for all values of s.
2 . . 42 . .
However, L(e™"") does exist since e™' is continuous and bounded
on [0, 00).

So when can we guarantee obtaining the Laplace transform of an
infinite series by term-by-term computation?

Theorem 1.18. If

FB) = ant"

n=0

converges for t > 0, with
n
lan| =

’

n!
for all n sufficiently large and ¢ > 0, K > 0, then

L) =D alah =" 0 (Res) > @),
n=0

n=0

Proor. Since f(t) is represented by a convergent power series, it is
continuous on [0, 00). We desire to show that the difference

L <f(t) — Za,ﬂ)

n=0

N
LFWD) — D anl(t™)

n=0
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N
< Ly (‘f‘(t) = ant" )
n=0

converges to zero as N — oo, where L,(h(t)) = fooo e Mh(t)dt, x =
Re(s).
To this end,

N
‘f(t) — E ant”
n=0

o0
Z a,t"

n=N-+1
o0 n
ot
K (e)
n=N-+1 n!

n=0

N
at (at)?
=K (6 — Z Tl )

since ¢ = > 2 x"/nl. As h < g implies L,(h) < L.(g) when the

transforms exist,
N N
(at)rl
n ot
L, <f(t) — HE:O ant ) < KL, (e — HE:O - )

1 Moot
=K —
(X*Ot nz:;x”“>

(-t e))

— 0 (Re(s) =x > a)

as N — oo. We have used the fact that the geometric series has the
sum
o0
Zl’l — 1
=0

, lz] < 1.
1—2z
n

Therefore,

N
L(f(D) = lim > anL(t")
n=0
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= Z an (Re(s) > a). o

n=0

Note that the coefficients of the series in Example 1.17 do not
satisfy the hypothesis of the theorem.

Example 1.19.

_sint (=12
f = Hz(; 2n + 1)'

Then,

1 1
laom| = ———— < ——, n=0,1,2,...,
@Cn+ 1 (2n)!

and so we can apply the theorem:

sint [ GED) 1)”£(t2”)
() - X e

n=0
_ —n"
Z (2n + 1)s?n+!

1
=tan"! (7), [s| > 1.
s

Here we are using the fact that

tanflx—/x dt —/X i( 1) 2"
o 1+e2 7 o

n=0

O, (—1)na2ntl

) [x] <1,
2n+1

n=0

with x = 1/s, as we can integrate the series term by term. See also
Example 1.38.

Uniform Convergence. We have already seen by Theorem 1.11
that for functions f that are piecewise continuous on [0, c0) and of
exponential order, the Laplace integral converges absolutely, that is,
fooo les'f ()| dt converges. Moreover, for such functions the Laplace
integral converges uniformly.
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To see this, suppose that
If(O < Me™, t > to.

/w e S'f(t) dt

0

Then

< / e IF(Oldt

0
oo
<m [ e
to

[eS]

M ef(xfo()r
—(x—

M e~ x—ato

’

to

X — o
provided x = Re(s) > «. Taking ¥ > xy > « gives an upper bound
for the last expression:
M e~k M
<<

X — o T X —«

e~ (o= o (1.12)

By choosing ty sufficiently large, we can make the term on the right-
hand side of (1.12) arbitrarily small; that is, given any & > 0, there
exists a value T' > 0 such that

/oo e S'f()dt

to

<e, whenever ty, > T (1.13)

for all values of s with Re(s) = x; > «. This is precisely the con-
dition required for the uniform convergence of the Laplace integral
in the region Re(s) = xy > « (see Section 1.2). The importance
of the uniform convergence of the Laplace transform cannot be
overemphasized, as it is instrumental in the proofs of many results.

F(s) — I' ass — oo. A general property of the Laplace transform
that becomes apparent from an inspection of the table at the back
of this book (pp. 210-218) is the following.

Theorem 1.20. If f is piecewise continuous on [0,00) and has
exponential ovder «, then

F(s) = L(f(H) — 0
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as Re(s) — oo.

In fact, by (1.8)

‘foo e S'f () dt
0

and letting x — oo gives the result.

M
== (Re(s) =x > o),

Remark 1.21. As it turns out, F(s) — 0 as Re(s) — oo when-
ever the Laplace transform exists, that is, for all f € L (cf. Doetsch
[2], Theorem 23.2). As a consequence, any function F(s) without
this behavior, say (s — 1)/(s + 1), €°/s, or s?, cannot be the Laplace
transform of any function f.

Exercises 1.6

1. Find £(2t + 3¢ + 4 sin 3¢).
2. show that L(sinh wt) = — “ =
s2 — w
3. Compute
(a) L(cosh? wt) (b) L(sinh? wt).

4. Find £(3 cosh 2t — 2 sinh 2t).
5. Compute L(cos wt) and L(sin wt) from the Taylor series represen-

tations
1 £)2n 1 £)2n+1
coswt*Z( (@l ) sin wt = Z( )@t )
= 2n)! = (2n+ 1)
respectively.

6. Determine L(sin? wt) and L£(cos? wt) using the formulas
2 11 2 2
sin” wt = 2 — 2 cos 2wt, cos” wt = 1 — sin” wt,

respectively.
1—e "
7. Determine £ —— ).
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Hint:
[e'e) +1
(71)’7x”
log(1 +x) = _—, x| < 1.
‘ ) nZ =0 n 1 1l

1 — coswt

t
9. Can F(s) = s/log s be the Laplace transform of some function f?

8. Determine L

1.7 Inverse of the Laplace Transform

In order to apply the Laplace transform to physical problems, it is
necessary to invoke the inverse transform. If l:(f(t)) = F(s), then
the inverse Laplace transform is denoted by

LTYF() =f(1),  t=0,

which maps the Laplace transform of a function back to the original
function. For example,

£ (=2 ) = sinot, t > 0.
s + w?
The question naturally arises: Could there be some other func-
tion f(t) # sin wt with L7 (w/(s* + w?)) = f(t)? More generally, we
need to know when the inverse transform is unique.

Example 1.22. Let

. sinwt t > 0
8= 1 t=o0.

Then

w

[: t = )
(()) 52 + w?

since altering a function at a single point (or even at a finite number

of points) does not alter the value of the Laplace (Riemann) integral.

This example illustrates that ,C*I(F(s)) can be more than one
function, in fact infinitely many, at least when considering functions
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with discontinuities. Fortunately, this is the only case (cf. Doetsch
(2], p. 24).
Theorem 1.23. Distinct continuous functions on [0, oo) have distinct

Laplace transforms.

This result is known as Lerch’s theorem. It means that if we restrict
our attention to functions that are continuous on [0, c0), then the
inverse transform

LTYF(®) =f(®

is uniquely defined and we can speak about the inverse, £! (F(s))A
This is exactly what we shall do in the sequel, and hence we write

w
L1 (ﬁ) = sin wt, t > 0.
s w

Since many of the functions we will be dealing with will be so-
lutions to differential equations and hence continuous, the above
assumptions are completely justified.

Note also that £7! is linear, that is,

L7 (aF(s) +bG(s)) = af(t) +bg(t)

if L(f(1)) = F(s), £L(g(*)) = G(s). This follows from the linearity of
L and holds in the domain common to F and G.

Example 1.24.

1 1 1 1
£t + =—e+-e
2(s—1)  2(s+1) 2 2
= cosht, t > 0.

One of the practical features of the Laplace transform is that it
can be applied to discontinuous functions f. In these instances, it
must be borne in mind that when the inverse transform is invoked,
there are other functions with the same £ (F(s)).

Example 1.25. An important function occurring in electrical
systems is the (delayed) unit step function (Figure 1.7)
1t>a

0t<a,

Uq(t) = {
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walt)

ol a t FIGURE 1.7

for a = 0. This function delays its output until t = a and then as-
sumes a constant value of one unit. In the literature, the unit step
function is also commonly defined as

{1t>a
Ua(t) =

0t < a,
for a > 0, and is known as the Heaviside (step) function. Both defini-
tions of u,(t) have the same Laplace transform and so from that point
of view are indistinguishable. When a = 0, we will write u,(t) = u(t).
Another common notation for the unit step function u,(t) is u(t — a).

Computing the Laplace transform,

L(ua(t)) = /Oooe*“ua(t) dt

oo
/ e sdt
a

e}

e—st

—S

a
e—as

== (Re(s) > 0).

It is appropriate to write (With either interpretation of ua(t))

L1 (%ﬂb) = uu(t),
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although we could equally have written £7! (e_“s/s) = v,(t) for
1t>a
Va(t) =
® 0t <a,

which is another variant of the unit step function.
Another interesting function along these lines is the following.

Example 1.26. For 0 < a < b, let

1 0 t<a
uan() = 3——(a() —wp()) = | Fra=t<b
0 t > b,
as shown in Figure 1.8.
Then
—as __ e*bs

£0w®) = S5
Exercises 1.7

1. Prove that £7! is a linear operator.
2. A function N(t) is called a null function if

t
/ N(t)dr =0,
0
for all t > 0.
(a) Give an example of a null function that is not identically
ZEero.

Uap (t)

1
b—a

Ol a b t FIGURE 1.8
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(b) Use integration by parts to show that
L(N(t) =0,

for any null function N(t).
(c) Conclude that

L(FH) + N®) = L(f(1),
for any f € L and null function N(t). (The converse is also
true, namely, if £(fi) = L(f2) in a right half-plane, then f;
and f, differ by at most a null function. See Doetsch [2],
pp. 20-24).
(d) How can part (c) be reconciled with Theorem 1.23?
3. Comnsider the function f whose graph is given in Question 3 of
Exercises 1.5 (Figure E.3).
(a) Compute the Laplace transform of f directly from the explicit
values f(t) and deduce that
1
L(ft) = ———=
() = s
(b) Write f(t) as an infinite series of unit step functions.

(c) By taking the Laplace transform term by term of the infinite
series in (b), show that the same result as in (a) is attained.

(Re(s) > 0,a > 0).

1.8 Translation Theorems

We present two very useful results for determining Laplace trans-
forms and their inverses. The first pertains to a translation in the
s-domain and the second to a translation in the t-domain.

Theorem 1.27 (First Translation Theorem). If F(s) = L(f (1)) for
Re(s) > 0, then

F(s —a) = L(e“f(1)) (a real, Re(s) > a).

Proor. For Re(s) > a,

F(s—a)= /Ooo e~ Dy dt
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= /oo e e f(t)dt
0

= L("f(D)).
Example 1.28. Since

1
L(t) = = (Re(s) > 0),
then

1

L(te™) = G2

(Re(s) > a),

and in general,
|
L(t"e™) = (S_WW n=0,1,2,... (Re(s) > a).

This gives a useful inverse:

1 1
L7 —m ) = = e, t > 0.
(s —a)yr*! n!

Example 1.29. Since

. w
L(sinwt) = Tr ot
then
3
2t _
L(e* sin 3t) = G_27+9
In general,
L(e* coswt) = (S—Sa;ﬁ (Re(s) > a)
L(e¥ sinwt) = (s—ac)uﬁ (Re(s) > a)
at s—a .
L(e™ cosh wt) = G —a? (Re(s) > a)
L(e™ sinh wt) = @ (Re(s) > a).

(s —a)? — w?
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Example 1.30.

£t s =1 s
s2 445+ 1 (s+2)2—-3

“(ems) < (F75)
(s+2)2—3 (s+2)2—3

. 2 .
= e % cosh /3t — — e ¥ sinh V3.
V3

In the first step we have used the procedure of completing the square.

Theorem 1.31 (Second Translation Theorem). If F(s) = L(f (1)),
then

L(ua(Df(t —a)) = e *F(s) (a = 0).
This follows from the basic fact that

/DO e Mua(Of (t — a)]dt = /OO e Sf(t — a)dt,
0 a

and setting T = t — a, the right-hand integral becomes

/oc e ST Ofydr = e /oo e S f(v)dt
0

(0]
= e “F(s).
Example 1.32. Let us determine LZ(g(t)) for (Figure 1.9)
(0] 0<t<1
s = {

t—1% t=>1.

g(t)

ol 1 t FIGURE 1.9
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Note that g(t) is just the function f(t) = t? delayed by (a =) 1 unit
of time. Whence

L(g(1) = L (Ot — 1)%)
=e LD
= ZZ;b (Re(s) > 0).

The second translation theorem can also be considered in inverse
form:

LTH(e™™F(9)) = ua(Of (t — @), (1.14)
for F(s) = L(f()), a = 0.
Example 1.33. Find

—28
(e
£ (s2 + 1) ’

= e ¥ L(sint),

‘We have

so by (1.14)

. e*ZS .
L (sz - 1) = uy(t) sin(t — 2), (t = 0).

This is just the function sin t, which gets “turned on” at time t = 2.

Exercises 1.8

1. Determine

(a) L(e* sin 3t) (b) L(t?e™)

(o) £ ((5_474)3) (d) L€ sinh+/21)

1 1 1 s
@£ (s2+28+5) ® £ (82+63+1)
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—at —1 S
() L(e™ cos(wt + 0)) (h) £ (7(8 Ty )
2. Determine L(f(t)) for

0 0<t< 2
et t>2

@ f = { ) f(H) = {
(©) f(t) = uz(t)cos(t — m).
3. Find

@ £ (%)

E N

a e (2=

s s24+1

efas) (E constant)

(e
© (Sz_z

1.9 Differentiation and Integration of
the Laplace Transform

As will be shown in Chapter 3, when s is a complex variable, the
Laplace transform F(s) (for suitable functions) is an analytic func-
tion of the parameter s. When s is a real variable, we have a formula
for the derivative of F(s), which holds in the complex case as well
(Theorem 3.3).

Theorem 1.34. Let f be piecewise continuous on [0, 00) of exponential
order a and L(f(t)) = F(s). Then

n

F(s) = L((—=D)""f(D)), n=1,2,3,... (s > a). (1.15)

Sn
Proor. By virtue of the hypotheses, for s > x, > «, it is justified
(cf. Theorem A.12) to interchange the derivative and integral sign
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in the following calculation.

d a b
— F(s) = — TSP dt
s (s) as Jo e f ()

e a —st
_ /0 = e ar
= /oo —te S'f(t)dt
0
= L(—tf ).

Since for any s > «, one can find some x( satisfying s > xy > «,
the preceding result holds for any s > «. Repeated differentiation
(or rather induction) gives the general case, by virtue of ﬁ(tkf(t))

being uniformly convergent for s > xy > .

Example 1.35.

L(t cos wt)

d
s L(cos wt)
da s
ds §? + w?
5% — w?
(82 4+ w?)?’

Similarly,

2ws

L(tsinwt) = m

For n = 1 we can express (1.15) as

1 d
f)y=—7£7" (% F(s)) (t > 0)

for f(t) = L7'(F(s)). This formulation is also useful.

Example 1.36. Find

e s+a
fH==L (1ogs+b).

[}

(1.16)
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Since

da 1 s+ay) 1 1
as B\s¥p) T s¥a s+p
1 1 1
)= —— £} —
£ t (s+a s+b)

1
— ?(efht _ efm).

Not only can the Laplace transform be differentiated, but it can
be integrated as well. Again the result is another Laplace transform.

Theorem 1.37. Iff is piecewise continuous on [0, o0) and of exponen-
tial order o, with F(s) = L(f(t)) and such that lim,_,o+ f(t)/t exists,

then
/ F(x)dx =L (f(t)> (s > o).

Proor. Integrating both sides of the equation

F(x) = /~<>o e Mfdt (x real),
0

/soo F(x)dx = Jl_l)’l’olol:l (/Oooe*”f(t) dt) dx

As f0°° e ™ f(t)dt converges uniformly fora < s < x < w (1.12), we
can reverse the order of integration (cf. Theorem A.11), giving

/oo F(x)dx = lim - (/w eMf(t) dx) dr
s w—=0o0 Jo N

00 [ g—xt w
— lim [ f(t):| ar
0 —t s

w— 00

- / e f(t) dt — lim - e o At
t

(f (t))

we obtain
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as lim, .o G(w) = 0 by Theorem 1.20 for G(w) = L (f(t)/t). The
existence of £ (f(t)/t) is ensured by the hypotheses. ]

Example 1.38.

in t 0 dx
(&) E(Sltl —/ :%—tanfls

.. r sinh wt 7/°° w dx
(i) — ) = i 2 _o?

=S s el
Exercises 1.9
1. Determine
(a) L(t cosh wt) (b) L(tsinh wt)
(©) L(t* coswt) (d) L(t? sin wt).

2. Using Theorem 1.37, show that

:10g(1+§) (s > 0)
2

1 — cos wt w
(b) ﬁ(f) = 1log (1 —+ 37) (s > 0).
[Compare (a) and (b) with Exercises 1.6, Question 7 and 8,
respectively.]

— 2
(o) L (ﬂ) = élog (1 — %) (s > |w]).

t

e—[

1 —
@ (=)

3. Using (1.16), find

2 4 2 1
(a £t (log (;1722)) (b)) £ (tan_1 g) (s > 0).
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£ efa\/g B efaz/zlr
Vs Nz

find L7 (e=V5).

1.10 Partial Fractions

In many applications of the Laplace transform it becomes neces-
sary to find the inverse of a particular transform, F(s). Typically it
is a function that is not immediately recognizable as the Laplace
transform of some elementary function, such as
1

(s —2)(s—3)
for s confined to some region Q2 (e.g., Re(s) > a). Just as in calcu-
lus (for s real), where the goal is to integrate such a function, the
procedure required here is to decompose the function into partial
fractions.

In the preceding example, we can decompose F(s) into the sum
of two fractional expressions:

1 A B
(s—2)(s—3) s—2 s—23'

F(s) =

that is,
1= A(s—3)+ B(s — 2). (1.17)

Since (1.17) equates two polynomials [1 and A(s — 3) 4+ B(s — 2)]
that are equal for all s in €2, except possibly for s = 2 and s = 3, the
two polynomials are identically equal for all values of s. This follows
from the fact that two polynomials of degree n that are equal at more
than n points are identically equal (Corollary A.8).
Thus, if s =2, A = —1, and if s = 3, B =1, so that
1 —1 1

+

F(s) = = .
(s—2)(s—3) s—2 s—3
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Finally,

— ! e - (1
f =L (F®) = £ ( S_Z)+£ (5_3)
= —¢ + &%

Partial Fraction Decompositions. We will be concerned with the
quotient of two polynomials, namely a rational function

P(s)
F(s) = ,
Q(s)
where the degree of Q(s) is greater than the degree of P(s), and P(s)

and Q(s) have no common factors. Then F(s) can be expressed as a
finite sum of partial fractions.

(i) For each linear factor of the form as + b of Q(s), there
corresponds a partial fraction of the form
A
_— A constant.
as+b

(ii) For each repeated linear factor of the form (as + b)", there
corresponds a partial fraction of the form
Aq Az Ap
+ +ot ,
as+b  (as+ b)? (as + b)"

Ay, A, ..., A, constants.

(iii) For every quadratic factor of the form as? + bs + ¢, there
corresponds a partial fraction of the form
As+ B
as? + bs+c’
(iv) For every repeated quadratic factor of the form (as? +bs+c)",
there corresponds a partial fraction of the form

A, B constants.

A1s + By Azs + By Aps + By
as? +bs+c = (as? + bs + ¢)? (as? + bs + o)y’
Aq,...,A, By, ..., B, constants.

The object is to determine the constants once the polynomial
P(s)/Q(s) has been represented by a partial fraction decomposition.
This can be achieved by several different methods.
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Example 1.39.

1 A 4 B
(s—2)(s—3) s—2 s—3

or
1=A(s—3)+B(s—2),

as we have already seen. Since this is a polynomial identity valid for
all s, we may equate the coefficients of like powers of s on each side
of the equals sign (see Corollary A.8). Thus, for s, 0 = A + B; and
for s°, 1 = —3A — 2B. Solving these two equations simultaneously,
A = —1, B=1 as before.

Example 1.40. Find

£ s+ 1
s2(s—1/)"
Write
s+1 A B C
s2(s—1) s s s—1'
or
s+ 1= As(s — 1)+ B(s — 1) + Cs?,

which is an identity for all values of s. Setting s = 0 gives B = —1;

setting s = 1 gives C = 2. Equating the coefficients of s? gives 0 =
A+ C,and so A = —2. Whence

L s+1 (1 (1 1
i -2 ) —)+2
£ (sz(s—l)) £ (s £ s? +2c s—1
=—2—t+ 2.
Example 1.41. Find
-1 282
(S2+1D(s—1)2)°

252 As+ B C D

(s2+1)(s—1)2  s2+1 s—1+(s—1)2'

‘We have
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or
2s* = (As + B)(s — 1)* + C(s* + 1)(s — 1) + D(s* + 1).
Setting s = 1 gives D = 1. Also, setting s = 0 gives 0 = B— C + D, or
—1=B—C.
Equating coefficients of s® and s, respectively,

0=A+C,
0=A—2B+C.

These last two equations imply B = 0. Then from the first equation,
C = 1; finally, the second equation shows A = —1. Therefore,

. 252 _ . s . 1
“ ((s2+1)(s—1)2)__£ (s2+1>+£ (s—l)
(1
e ((s—l)Z)

= —cost+ ¢ + te'.

Simple Poles. Suppose that we have F(t) = L(f(t)) for

P(s) P(s)
Q) (s—oa)(s—az) (s —an)
where P(s) is a polyomial of degree less than n. In the terminology of
complex variables (cf. Chapter 3), the «;s are known as simple poles
of F(s). A partial fraction decomposition is

A A A
1 2 I n

s — o s — ay S — ooy,

F(s) = a; # aj,

F(s) =

(1.18)
Multiplying both sides of (1.18) by s — «; and letting s — «; yield
A; = lim (s — o) F(s). (1.19)
s—a;

(In Chapter 3 we will see that the A;s are the residues of F(s) at the
poles «;.) Therefore,

o = £ () = 3oL 2 - 3o A,
=1 i=1

S — o
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Putting in the expression (1.19) for A; gives a quick method for
finding the inverse:

f =L (F(s) = i}ijal(s — a) F(s) e, (1.20)
i=1 !

Example 1.42. Find

)
(s—D(s+2)(s—3)/)°
f(H) = lim(s — 1) F(s)e' + lim (s + 2) F(s)e % + lim(s — 3) F(s) e
1 2

3

¢ 2t 3t

= e - ¢ + — &%,
6 15 10

Exercises 1.10

1. Find £7! of the following transforms F(s) by the partial fraction
method.

©) % (@ Mgw (a # D)
) m ® %
@ 3 P

(s + 1)2(s% + 1)? 5(s3 — 6s% + 55 + 12)

(See Example 2.42).

2. Determine

SZ

£ - TR
(W,ww,
(a) by the partial fraction method
(b) by using (1.20).

b)) (s* — Cz))
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Applications
~and Properties

CHAPTER

The various types of problems that can be treated with the Laplace
transform include ordinary and partial differential equations as well
as integral and integro-differential equations. In this chapter we
delineate the principles of the Laplace transform wmethod for the
purposes of solving all but PDEs (which we discuss in Chapter 5).

In order to expand our repetoire of Laplace transforms, we
discuss the gamma function, periodic functions, infinite series, con-
volutions, as well as the Dirac delta function, which is not really a
function at all in the conventional sense. This latter is considered
in an entirely new but rigorous fashion from the standpoint of the
Riemann-Stieltjes integral.

2.1 Gamma Function

Recall from equation (1.9) that

n!
s+l ’

L) = n=1,23,....

41
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In order to extend this result for non-integer values of n, consider

L) =/0 e tvdr v > —1).

Actually, for —1 < v < 0, the function f(t) = t" is not piecewise

continuous on [0, o0) since it becomes infinite as t — 0*. However,

as the (improper) integral [ t'dt exists for v > —1, and f(t) = " is

bounded for all large values of ¢, the Laplace transform, £(t"), exists.
By a change of variables, x = st (s > 0),

cer= [T () L

1 >
- v,—x
= o5 /0 xVe ™ dx. (2.1)

The quantity

I'(p) = /0'00 X te ¥ dx (p > 0)

is known as the (Euler) gamma function. Although the improper in-
tegral exists and is a continuous function of p > 0, it is not equal to
any elementary function (Figure 2.1).

Then (2.1) becomes

e T+1 .
L") = = v>—1, s>0. (2.2)
T'(p)
5
—2 —1 o 1 2 3 P

FIGURE 2.1
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Comparing (1.9) with (2.2) whenv =n =0, 1, 2, ... yields
F(n+1) =n!. (2.3)

Thus we see that the gamma function is a generalization of the no-
tion of factorial. In fact, it can be defined for all complex values of
v, v#0,—1,—2,---, and enjoys the factorial property

rv+1)=vI(v), v#0,—1,—2,...
(see Exercises 2.1, Question 1).

Example 2.1. Forv = —1/2,

1 r(:
£(t7§) — (LZ)
Sz
where
Rad 1
F(%) :/ x"2e ¥ dx.
0

Making a change of variables, x = u?,

Rl 2
r() :2/ e du.
0

This integral is well known in the theory of probability and has the
value /7. (To see this, write

o0 5 o0 2 o0 o0 5 2
? = (/ e " dx) (/ eV dy) = / / e T dx dy,
0 0 o Jo

and evaluate the double integral by polar coordinates, to get I =

NEZED
L£(677) = \/§ (s > 0) (2.4)

Hence
and
Yo (S*%) =

1
—_— t > 0). 2.5
N7 ( ) (2.5
Example 2.2. Determine

oo
L(logt) = / e *logtdt.
0



